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Even though metals are passed to the WD through the gaseous
disc, the rate of mass transfer ṀZ is ultimately controlled by the
evolution of the particulate disc. By analogy with the Saturn’s rings
one expects that the collisional viscosity in discs of debris is too low
to drive the non-negligible ṀZ . However, radiation of the WD can
be quite important and Rafikov (2011, hereafter R11) demonstrated
that Poynting–Robertson (PR) drag on the disc naturally drives
mass accretion at the rate ṀPR ! 108 g s−1. While this ṀZ is
high it still falls short of explaining the highest observed ṀZ ∼
1010–1011 g s−1.

Here we propose a new picture of the evolution of the disc
of debris, which naturally combines several physical ingredients
present in the close vicinity of the disc-bearing WDs to explain
high ṀZ ! ṀPR.

2 D E S C R I P T I O N O F T H E M O D E L

Our model of the WD–disc system is outlined below and is schemat-
ically illustrated in Fig. 1. We assume a disc of solid particles to
extend from the Roche radius RR all the way into the inner radius
Rin, which we take to coincide with the sublimation radius
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where Ts is the sublimation temperature of solid particles (which
we take to be ∼1500 K if particles are silicate), T⋆,4 ≡ T⋆/(104 K) is
the normalized stellar temperature T⋆, R⋆ is the radius of the WD,
and ϵ is the ratio of particle’s emissivities for starlight and for its
own thermal radiation (in the following we assume macroscopic
particles and set ϵ = 1). For R⋆ ≈ 0.01 R⊙ (Ehrenreich et al. 2011)
one finds Rs ≈ 0.2 R⊙, in agreement with observations (Jura et al.
2007, 2009).

At present the size of particles a constituting the disc is rather
poorly constrained. Graham et al. (1990) suggested a ≈ 10–100 cm.
At the same time high-resolution infrared spectroscopy with the In-
frared Spectrograph on board Spitzer reveals strong 10 µm emission
feature in disc spectra indicative of the existence of a population
of small, micron-sized silicate dust particles (Jura et al. 2009). But
the fraction of the total disc mass locked up in such fine dust is
unknown. The actual particle size is not very important for our
treatment as long as the disc is optically thick. Then it is similar to
the Saturn’s rings and most likely behaves as a granular flow. In the
following we will treat a particulate disc as if it was a solid plate.

Figure 1. Schematic picture of two interacting discs (black: particulate;
grey: gaseous) around the WD. The disc of solid particles is confined be-
tween the sublimation radius Rs (where solids evaporate feeding the gas
disc) and Roche radius RR. Flow of high-Z material is indicated by arrows
(white: solid particles; black: gas). Inward migration of solids is induced by
drag exerted on them by the gas disc, which orbits the WD slower than the
disc of particles.

Solid particles brought to Rs sublimate feeding a disc of metallic
gas at this location. Viscous torques cause it to spread all the way
to the WD surface providing means of metal transport from Rs

to the star. For the bulk of gas to move inward of Rs its angular
momentum must be transferred by viscous torques to some amount
of gas viscously spreading outward of Rs (Lynden-Bell & Pringle
1974). Thus, because of the conservation of angular momentum an
external gaseous disc (Pringle 1991) spatially coexisting with dusty
debris disc inevitably appears, naturally explaining observations
of several WDs hosting both gaseous and dusty discs of debris
(Brinkworth et al. 2009; Melis et al. 2010). Jura (2008) proposed
collisional sputtering of small asteroids as another source of metallic
gas; for the sake of clarity we do not consider this mechanism here.

We emphasize here that the two discs have an overlap in the radial
distance, while in the vertical direction the gaseous disc is much
more extended than the disc of particles, see Fig. 1. The latter must
be very thin because inelastic collisions between particles rapidly
damp any vertical random motions. We consider the debris disc to
be directly exposed to the full WD radiation flux since Melis et al.
(2010) found the absorption of stellar photons by the gas disc to be
small.

The external gas disc has temperature different from (higher than)
that of the dust disc at the same radii (Melis et al. 2010) because the
different balance of heating and cooling for the two discs keeps the
temperature of the gas Tg above the sublimation point even outside
Rs. Some condensation of metallic gas on the particle surfaces may
be occurring (cf. Meyer & Meyer-Hofmeister 1994); however, the
very fact of spatial coexistence of gaseous and particulate discs in
several systems (Melis et al. 2010) strongly suggests that conden-
sation cannot fully eliminate the gas phase above the particulate
disc. We leave accurate assessment of the effects of condensation
to future work.

Simultaneous existence of the two discs of high-Z elements in
different phases drives their mutual evolution in the following way.
Any coupling between the outer portion of the gas disc and particu-
late disc acts to transfer angular momentum from the faster rotating
particulate disc to the slower spinning gaseous disc, causing inward
motion of particles in the disc of solids (and outward motion of
gas in the external gaseous disc). If the coupling is strong enough
positive feedback becomes possible in the system: increasing mass
of the gaseous disc leads to the increase in ṀZ through the disc of
solids (as described below), which in turn reinforces evaporation at
Rs and increases gaseous mass even further.

Coupling between the gaseous and particulate high-Z discs arises
because the gaseous disc orbits the WD at an angular speed, #g,
slightly slower than the Keplerian speed, #K, at which the disc
of solid particles rotates. This difference is caused by the pressure
support present in the gaseous disc, #g −#K ≈ (2#Krρ)−1∂P/∂r ,
and is known to cause a variety of important effects in protoplane-
tary discs, such as the inward migration of solids (Weidenschilling
1977). Relative azimuthal velocity between the gaseous and partic-
ulate discs at a distance r from the WD is

vϕ = ηcs
cs

#Kr
≈ 102 cm s−1 Tg,3

µ28

(
M−1

⋆,1
r

0.2 R⊙

)1/2

, (2)

where η ∼ 1 is a constant, M⋆,1 ≡ M⋆/M⊙ is the normalized WD
mass (M⋆), µ28 is the mean molecular weight of the metallic gas nor-
malized by 28 mp (value of µ for pure Si), Tg,3 ≡ Tg/(103 K) is the
normalized gas temperature (Tg), and cs ≈ 0.5 km s−1(Tg,3/µ28)1/2

is the sound speed of the gas (clearly vϕ ≪ cs).
This azimuthal drift gives rise to aerodynamic drag between

the discs. The azimuthal drag force f ϕ per unit surface area of a
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Figure 6. Histograms of the accumulated mass of rocky substellar bodies that were accreted onto white dwarfs during the last Myr or
so, including both detections and limiting values. Differently coloured bars refer to three different WD samples (brown: data from [93]
assuming that Ca represents 1.6% of the mass of the accreted bodies, similar to the corresponding mass fraction of the bulk Earth—see
table 3 of [102]; blue: data displayed in fig. 12 of [103]; red: data displayed in fig. 9 of [104]). The panels are separated according to sample
size (see y-axis). For observational subtleties associated with the data, see the corresponding papers. The bin sizes are according to the
Solar system objects displayed in green, with masses given on the top axis. This plot demonstrates that pollution may arise from a wide
variety of objects.

In equation (3.1), ν is the frequency, D is the distance between the star and the Earth, iLOS is the line-
of-sight inclination with respect to the Earth, kB is the Boltzmann constant, h is the Planck constant and
x(r) ≡ hν/kBTd(r). The discs are assumed to be passive, opaque (optically thick) and geometrically flat.

The equation is degenerate with respect to three parameters: iLOS, and the disc temperatures at the
inner and outer edges. Fig. 5 of [104] and fig. 3 of [115] illustrate how the degeneracy from these three
parameters manifests itself in the modelling of debris discs. For an explicit example of how 10 different
viewing angles can change the flux signature, see fig. 1 of Livio et al. [57], who simulate the spectral
energy distribution for a (so-far unrealized) AU-scale WD debris disc.

Disc characteristics. One such property is disc geometry. The spectral energy distributions generally do
not indicate that WD discs are flared. However, a couple of possible exceptions include GD 362 [116] and
GD 56 [117]. The size distribution of the dust/particles/solids in the discs is unknown, except for the
presence of micrometre-sized grains [118–120]. One notable disc, which orbits WD J0959-0200, is highly
variable: Xu & Jura [115] reported a still-unexplained flux decrease of about 35% in under 300 days.

Application of equation (3.1), with assumptions about iLOS, yields a striking result for WDs with tcool
greater than a few Myr: the entire disc lies within the Roche radius of the WD. Fits from this equation
suggest that the discs reside in the region rd ≈ 0.6 − 1.2 R⊙. Confirmation of this approximate range
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Figure 6. Histograms of the accumulated mass of rocky substellar bodies that were accreted onto white dwarfs during the last Myr or
so, including both detections and limiting values. Differently coloured bars refer to three different WD samples (brown: data from [93]
assuming that Ca represents 1.6% of the mass of the accreted bodies, similar to the corresponding mass fraction of the bulk Earth—see
table 3 of [102]; blue: data displayed in fig. 12 of [103]; red: data displayed in fig. 9 of [104]). The panels are separated according to sample
size (see y-axis). For observational subtleties associated with the data, see the corresponding papers. The bin sizes are according to the
Solar system objects displayed in green, with masses given on the top axis. This plot demonstrates that pollution may arise from a wide
variety of objects.

In equation (3.1), ν is the frequency, D is the distance between the star and the Earth, iLOS is the line-
of-sight inclination with respect to the Earth, kB is the Boltzmann constant, h is the Planck constant and
x(r) ≡ hν/kBTd(r). The discs are assumed to be passive, opaque (optically thick) and geometrically flat.

The equation is degenerate with respect to three parameters: iLOS, and the disc temperatures at the
inner and outer edges. Fig. 5 of [104] and fig. 3 of [115] illustrate how the degeneracy from these three
parameters manifests itself in the modelling of debris discs. For an explicit example of how 10 different
viewing angles can change the flux signature, see fig. 1 of Livio et al. [57], who simulate the spectral
energy distribution for a (so-far unrealized) AU-scale WD debris disc.

Disc characteristics. One such property is disc geometry. The spectral energy distributions generally do
not indicate that WD discs are flared. However, a couple of possible exceptions include GD 362 [116] and
GD 56 [117]. The size distribution of the dust/particles/solids in the discs is unknown, except for the
presence of micrometre-sized grains [118–120]. One notable disc, which orbits WD J0959-0200, is highly
variable: Xu & Jura [115] reported a still-unexplained flux decrease of about 35% in under 300 days.

Application of equation (3.1), with assumptions about iLOS, yields a striking result for WDs with tcool
greater than a few Myr: the entire disc lies within the Roche radius of the WD. Fits from this equation
suggest that the discs reside in the region rd ≈ 0.6 − 1.2 R⊙. Confirmation of this approximate range
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Figure 5. Two examples of unpacking then repacking, in both stable (left-hand panel) and unstable (right-hand panel) cases. Left-hand panel: immediate
unpacking of a set of terrestrial planets, followed by a re-ordering and stable secular evolution from 8 Gyr onwards. The initial order of the planets is ŪN̄J̄S̄ but
their orbits end up in the order ŪJ̄S̄N̄. Shown is simulation #9–39 (Table A9). Right-hand panel: unpacking of ŪJ̄J̄J̄ on the WD phase, where the least massive,
innermost, planet becomes engulfed and two of the other planets (orange and green) switch order. Shown is simulation #2-24 (Table A2).

Figure 6. A stable and unpacked set of giant planets JUNS with 12 test
particles initially located at 2.5 au. Four particles survive, seven are ejected,
and one enters the WD disruption radius at 10.29 Gyr. All these events are
visible on the plot. Shown is simulation #11-19 (Table A11).

first consider the rich variety of behaviours and outcomes seen in
the simulations and simply list what is possible from full-lifetime
evolution for clarity.

(i) Unpacking (defined as crossing orbits or planet loss) may
occur during any phase of stellar evolution, or not at all.

(ii) Unpacking through crossing orbits does not necessarily lead
to instability (defined as planet loss from collisions or ejections).

(iii) Unpacking during one phase can lead to instability at a later
phase.

(iv) Planet engulfment into the star, planet–planet collisions and
ejections may all occur during any phase.

(v) Two systems with identical initial numbers, masses and sep-
arations of planets can be unpacked at different phases and lose
different numbers of planets.

(vi) Any total number of planets may be lost.

(vii) Planets which are formed when the star arrives on the main
sequence at distances well outside of the maximum AGB stellar
radius can be perturbed on the WD phase to distances well within
the maximum AGB stellar radius.

(viii) Test particles which initially reside within the orbits of
four giant planets can survive for the entire simulation duration
even when the giant planets unpack and/or become unstable.

3.4 General trends

In this section, we present the crux of our results and some trends
with applications beyond this work.

3.4.1 Relating to β

(i) Unpacking tends to occur at later stellar phases as β is
increased. This correlation is typically strong but by no means
monotonic. For example, consider simulations #8-1 through #8-32
(Table A8), where β is increased from 6.0 to 9.5. For a weaker
correlation, instead see simulations #9-1 through #9-32 (Table A9),
and for a better correlation, see simulations #4-1 through #4-24
(Table A4). See Fig. 8 for a visual representation of the correlation
(although the tables themselves might be clearer).

(ii) Mapping a particular value of β to the phase at which one
could expect unpacking is architecture-dependent. Compare for ex-
ample, the simulations with β = 7.0 across all of the tables.

(iii) Terrestrial-mass planets (effectively, J̄, S̄, Ū, and N̄) at a given
β will unpack at an earlier phase than their giant-planet counterparts
(implied from Tables A1–A11 and Fig. 8) due to the additional
dependence of stability time-scale on mass, which is not captured
by the Hill radius (e.g. Chambers, Wetherill & Boss 1996; Faber &
Quillen 2007; Mustill et al. 2014).

3.4.2 Relating to engulfments, ejections and collisions

(i) Instability manifests itself primarily through ejections for gi-
ant planet systems and primarily through planet–planet collisions
for terrestrial-planet systems. The two stark exceptions are the ar-
chitectures ŪJ̄J̄J̄ and J̄J̄J̄Ū (Tables A2 and A1), where the lowest

MNRAS 458, 3942–3967 (2016)
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Figure 5. Two examples of unpacking then repacking, in both stable (left-hand panel) and unstable (right-hand panel) cases. Left-hand panel: immediate
unpacking of a set of terrestrial planets, followed by a re-ordering and stable secular evolution from 8 Gyr onwards. The initial order of the planets is ŪN̄J̄S̄ but
their orbits end up in the order ŪJ̄S̄N̄. Shown is simulation #9–39 (Table A9). Right-hand panel: unpacking of ŪJ̄J̄J̄ on the WD phase, where the least massive,
innermost, planet becomes engulfed and two of the other planets (orange and green) switch order. Shown is simulation #2-24 (Table A2).

Figure 6. A stable and unpacked set of giant planets JUNS with 12 test
particles initially located at 2.5 au. Four particles survive, seven are ejected,
and one enters the WD disruption radius at 10.29 Gyr. All these events are
visible on the plot. Shown is simulation #11-19 (Table A11).

first consider the rich variety of behaviours and outcomes seen in
the simulations and simply list what is possible from full-lifetime
evolution for clarity.

(i) Unpacking (defined as crossing orbits or planet loss) may
occur during any phase of stellar evolution, or not at all.

(ii) Unpacking through crossing orbits does not necessarily lead
to instability (defined as planet loss from collisions or ejections).

(iii) Unpacking during one phase can lead to instability at a later
phase.

(iv) Planet engulfment into the star, planet–planet collisions and
ejections may all occur during any phase.

(v) Two systems with identical initial numbers, masses and sep-
arations of planets can be unpacked at different phases and lose
different numbers of planets.

(vi) Any total number of planets may be lost.

(vii) Planets which are formed when the star arrives on the main
sequence at distances well outside of the maximum AGB stellar
radius can be perturbed on the WD phase to distances well within
the maximum AGB stellar radius.

(viii) Test particles which initially reside within the orbits of
four giant planets can survive for the entire simulation duration
even when the giant planets unpack and/or become unstable.

3.4 General trends

In this section, we present the crux of our results and some trends
with applications beyond this work.

3.4.1 Relating to β

(i) Unpacking tends to occur at later stellar phases as β is
increased. This correlation is typically strong but by no means
monotonic. For example, consider simulations #8-1 through #8-32
(Table A8), where β is increased from 6.0 to 9.5. For a weaker
correlation, instead see simulations #9-1 through #9-32 (Table A9),
and for a better correlation, see simulations #4-1 through #4-24
(Table A4). See Fig. 8 for a visual representation of the correlation
(although the tables themselves might be clearer).

(ii) Mapping a particular value of β to the phase at which one
could expect unpacking is architecture-dependent. Compare for ex-
ample, the simulations with β = 7.0 across all of the tables.

(iii) Terrestrial-mass planets (effectively, J̄, S̄, Ū, and N̄) at a given
β will unpack at an earlier phase than their giant-planet counterparts
(implied from Tables A1–A11 and Fig. 8) due to the additional
dependence of stability time-scale on mass, which is not captured
by the Hill radius (e.g. Chambers, Wetherill & Boss 1996; Faber &
Quillen 2007; Mustill et al. 2014).

3.4.2 Relating to engulfments, ejections and collisions

(i) Instability manifests itself primarily through ejections for gi-
ant planet systems and primarily through planet–planet collisions
for terrestrial-planet systems. The two stark exceptions are the ar-
chitectures ŪJ̄J̄J̄ and J̄J̄J̄Ū (Tables A2 and A1), where the lowest
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the core towards the edges, but the edge itself fails to spread this
great amount of material and is ‘‘overwhelmed” by material com-
ing from the core (Fig. 3b, solid line). As a result, the surface density
rapidly increases close to the edges, which become steep.

At the beginning the NCV disk appears to spread faster than the
CV disk: after 105 years of evolution (Fig. 3d), the disk width is
about 1.5 ! 104 km in the NCV case, and 104 km in the CV case.
This can be explained by the fact that the initial value for the CV
model is too small. The computed viscosity at the rings centre is
initially "100 m2 s#1, much larger than the 0.1 m2 s#1 value we
use for the CV model. But after 105 years of evolution the viscosity
drops to "0.8 m2 s#1. Thus whereas the initial spreading of the
NCV disk is very rapid due to high viscosity, as soon as the disk
has spread, the viscosity drops and the evolution slows down
dramatically.

3.2.3. Evolution over 5 billion years
In Fig. 4 the surface mass density at 106, 108, 109 and

5 ! 109 years is plotted.
We see here that the CV disk has spread much faster than the

NCV disk (Fig. 4a). After 1 billion years, the CV disk is no longer vis-
ible because almost all material has been spread out of the rings
(Fig. 4c and d). Its average surface density is 5 ! 10#5 kg m#2.
The NCV disk has evolved significantly, and memory of the Gauss-
ian initial conditions has been completely lost.

The NCV disk evolves only very little from 1 to 5 billion years.
This is due to a drop of the viscosity because of the surface mass
density being now much lower than initially, resulting in a much
slower evolution. After 1 billion years of evolution, the rings vis-
cosity is "10#3 m2 s#1.

In conclusion, this study illustrates that spreading time-scales
estimated using only DR2/m with a constant viscosity (Goldreich

and Tremaine, 1982; Esposito, 1986), are quite inaccurate when
compared with our numerical simulations that include a realistic
viscosity model. As a result the viscous spreading rate of the rings
is far from being linear.

3.2.4. Evolution of the disk’s edges
Initially, due to the Gaussian shape we use, the disk’s edges are

smooth. Due to a low surface density, the region close to the edges
is initially in the non-self-gravitating regime. When the disk starts
to spread, material is transported from the core toward the less vis-
cous edges. This increases the surface density close to the edges,
which then become self-gravitating. As the disk continues to
spread, the surface density close to the edges decreases. Eventu-
ally, the edges become non-self-gravitating again.

As mentioned in Section 2, the transitions from SG to NSG areas
should lead to changes in the spreading of the disk, with different
behaviours depending on the distance to the planet. Close to the
planet, this leads to an increase of the viscosity (see Fig. 1 black
dashed and dotted lines), which becomes inversely proportional
to R: the closer to the planet, the higher the viscosity (as it is in this
case dominated by the collisional component). As a result, the in-
ner edge is smoothed (Fig. 5, top).

Far from the planet, the opposite process occurs. Here, the tran-
sition from SG to NSG results in the viscosity dropping by a factor
"100. The material flux is proportional to r(mR) (Eq. (3)). When
the viscosity is constant, this can be rewritten as mrR, so that
the flux depends only on the surface density gradient. With vari-
able viscosity, this simplification is no longer valid: the flux de-
pends on the gradient of both the viscosity and the surface
density: r(mR) = (rm)R + m(rR).

Firstly, in the NSG regime, the viscosity dependence on R is
mtrans / R3/2 and mcoll / R#3/2, while in the SG regime m $ mtrans /

(a) (b)

(d)(c)

Fig. 4. Disk surface density at different evolution times with variable (solid line) and constant (dashed line) viscosities. (a) At 1 Myr of evolution. (b) At 100 Myr of evolution.
(c) At 1 Gyr of evolution. (d) At 5 Gyr of evolution. The disk with constant viscosity is emptied in "109 years, while the disk with variable viscosity remains massive over 5 Gyr
with a density peak inward and lower densities outward.
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where Qp, k2p and Rp denote the planet’s dissipation factor, Love
number and radius, respectively (Supplementary Information,
section 1.2), and Cs is the sum of the ring torques of all first-order
Lindblad resonances of the moonlet6,18,20. When the orbital separa-
tion of two moonlets is smaller than 2.2 mutual Hill radii, they are
merged12. To test the full procedure, the formation of the proto-
Moon from a circumterrestrial disk was successfully reproduced21

(Supplementary Information, section 3).
The initial conditions are as follows. The A ring is initially repre-

sented by a disk extending from 122,000 km to 136,000 km with a
constant surface density, s0. The initial state of Saturn’s rings is
unknown and they could have been denser in the past22. We considered
the cases in which s0 5 400, 1,000, 5,000 and 10,000 kg m22. The case
in which s0 5 400 kg m22 (approximately the present surface density
of Saturn’s A ring) is presented in Fig. 2 with RL set to 140,000 km.

The simulation starts with no satellites, so the A ring initially
spreads freely and reaches RL in ,106 yr (Fig. 2). Then moonlets
accrete at RL from the ring material and grow through mutual
encounters. They induce step-like structures in the ring’s surface
density near the moonlets’ Lindblad resonances (Fig. 2a–d). At these
locations, the ring angular momentum is directly transferred to the
moonlets, inducing an orbital decay of the ring material and an
expansion of the moonlets’ orbit. As a consequence, the ring material
moves inwards and accumulates just interior to the resonance loca-
tion, resulting in the visible step-like structures in the surface density
function. Whereas Cs increases with the moonlets’ mass, the disk’s
surface density decreases as a result of spreading and thus so do the
viscosity and the viscous torque, Cv (ref. 16). When the magnitude of
Cs becomes larger than that of Cv, the disk’s outer edge is confined
and the disk stops spreading (Fig. 2e). This happens when the largest
moon reaches a mass of ,1017 kg for s0 # 1,000 kg m22 and
,1018 kg for s0 $ 5,000 kg m22. As the moonlets’ masses increase,
the ring’s outer edge moves inwards to the position of the first

Lindblad resonance for which the torque is strong enough to
counterbalance Cv. On long timescales, owing to the decrease of
the surface density, confinement is increasingly easier, and in this
model the ring’s outer edge moves inwards to ,135,000 km after
4 Gyr for s0 5 400 kg m22. For higher values of s0, the disk under-
goes more rapid viscous spreading and more massive moonlets are
formed; this ultimately shifts the disk’s edge below 130,000 km for
s0 . 1,000 kg m22. In conclusion, the current confinement of the
outer edge of Saturn’s rings seems to be the consequence of ongoing
satellite accretion occurring at the Roche limit. The outer edge jumps
from one resonance to another, depending on the local balance
between the positive viscous torque and the negative torque induced
by the population of small moons.

The moonlets migrate outwards owing to the positive torques
induced by the rings and the planet. Because, for each moonlet, these
torques are increasing functions of mass20 (Cs / ms

2), the migration
rate increases accordingly and more massive moonlets migrate more
rapidly. Different migration rates lead to crossings and merging.
Because all moonlets appear at the same position (RL), a simple
orbital architecture emerges in which satellites are radially sorted:
their distance to Saturn is an increasing function of their mass, in
agreement with observations (Fig. 1). Therefore, the actual orbital
architecture of the small moons may be the direct consequence of
ring–moon interactions.

These results imply also that Saturn’s small moons are gravita-
tional aggregates made of icy ring particles, which would explain their
very low densities. When they form, they should be initially elongated
like Hill spheres7,10, as is observed for some of the moons7. Pandora
and Epimetheus seem to deviate somewhat from this shape7, but this
could result from post-accretional restructuring. The moons’ spec-
tral similarities with Saturn’s rings9,23 may be the direct result of their
formation within the rings, as might be their apparent lack of sili-
cates7, as Saturn’s rings seem to be devoid of such material8,23.

The coupling of ring confinement with moonlet migration induces a
feedback on the formation rate of the moonlets. When the ring’s edge is
repelled to below RL, the production of moonlets stops (compare
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Figure 2 | Time evolution of our model with
s0 5 400 kg m22. a–d, The time evolution of the
ring’s surface density (solid line) and the masses
of the moonlets (black points) as functions of the
distance from Saturn’s centre. As the ring spreads
inwards and outwards, its surface density
decreases. Ring material crossing the Roche limit
(RL 5 140,000 km here) is transformed into
moonlets. At the end of the simulation, only
1.5 3 1018 kg of the ring material remains in the A
ring, whereas 3.5 3 1018 kg is spread below
120,000 km and 1.8 3 1017 kg has been
transformed into moonlets. e, The time evolution
of the location of the ring’s outer edge, defined as
the place where the surface density drops below
1 kg m22. When the edge is confined at the
location of a moonlet’s resonance, the ring’s
viscous torque (which tends to push material
beyond the ring’s edge by transferring angular
momentum) is perfectly balanced by the
satellite’s gravitational torque, thus preventing
the ring material from spreading farther
outwards. f, Total mass transformed into
satellites as a function of time. The dashed line
shows the mass of the largest satellite.
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Then, a second moon forms at rR (moon 2).
Moon 2 migrates away rapidly, approaches moon
1, and is caught by it. Another moon forms, which
is also eventually accreted by moon 1, and so
on. The growth of moon 1 thus proceeds at the
same average rate as before, but step by step
through the accretion of moonlets: This is the “dis-
crete regime” (Fig. 2B, SM 4 and 5).When D > Dc +

2rH/r, moon 1 is too far away to accrete a newly
formed moon before this new moon leaves the
continuous regime (SM 4.1). This corresponds to

D = Dd = ~3.1Dc

and q = qd ~ 20tdisk
–3/2 ~ 2200D3 as shown in

SM 4. Equation 1 implies that this occurs after

~100 orbits. Also, qd < 0.1D provided D < 6.7 ×
10−3. This is always the case around giant plan-
ets (see below and SM 7), and it justifies the
assumption that D and tdisk are constant. After
Dd is reached, a third moon appears in the sys-
tem, and the discrete regime ends.

As moons of fixed mass (produced by the
discrete regime) appear successively at a given
radius, they migrate outward with decreasing
rate, and hence their mutual distance decreases;
eventually, they merge. Therefore, moons of dou-
ble mass are periodically formed, migrate out-
ward, merge again, and so on. Assuming that
the satellites do not perturb each other’s orbit,
mergers occur hierarchically—this is the “py-
ramidal regime” (SM 6). The moons’ masses
increase with distance, and an ordered orbital ar-
chitecture settles. In the region r < r2:1 = 22/3rR,
the migration is controlled by the disk’s torque
(Eq. 3); then the mass-distance relation fol-
lowsMº D1.8, and the number density of moons
is proportional to 1/D (SM 6.1). Consequently,
just outside rR, an accumulation of small moons
is expected, consistent with observations (Fig. 1A).
Beyond r2:1, the migration is controlled by the
planet’s tides and M º r3.9 (SM 6.2).

This specific architecture is a testable obser-
vational signature of this process. A compari-
son with today’s giant planet systems of regular
moons reveals a very good match for Saturn,
Uranus, and Neptune (Fig. 1B). Neptune’s inner
moons (blue stars) match our model (blue dotted
line) very well, except for Despina, whose mass
is underpredicted by a factor of 3. Uranus’ sat-
ellites are somewhat more scattered, but the
system globally follows our model on the two
sides of r2:1 (SM 7.4), and the large number of

Fig. 1. Distribution of the regular satellites of the giant planets. Saturn: 9
satellites from Pandora to Titan. Uranus: (A) 18 from Cordelia to Oberon; (B) 14
satellites, from Bianca to Oberon (except Cupid and Mab, out of scale). Neptune:
Naiad, Thalassa, Despina, Galatea, Larissa, and Proteus. Jupiter: Metis, Adrastea,
Amalthea, These, Io, Europa, Ganymede, and Callisto. (A) Mass as a function of
the orbital radius. The four systems do not extend all the way down to the
planetary radius (vertical line), but a pile-up of small satellites is observed at a
specific distance (the Roche limit, rR). The mass increases from zero with the

distance to rR, not to the center of the planets. (B) Satellite-to-planet mass ratio
q as a function of D = (r – rR)/rR. The Roche radius for each planet is taken
consistently with the mean density of satellites, or with the orbit of the closest
one (SM 1). For Saturn, Uranus, and Neptune, rR = 140,000, 57,300, and
44,000 km, respectively. Short dashed curves: our model for the pyramidal regime
Q(D) (eq. S25, SM 6.3): for D < D2:1, q º D9/5 ; for D > D2:1, q º (D + 1)3.9,
where D2:1 = 0.59 is marked by the vertical dashed line. Jupiter’s system
does not fit well and is not shown (SM 7.3).

Fig. 2. Sketches of the
three accretion regimes,
where the accretion re-
gions are defined as T2rH
around a moon’s location.
The tidal disk is in gray
with F denoting the mass
flow at the edge. The first
moon to form is in blue,
the second in red, and the
third in green. (A) Con-
tinuous regime: only one
moon is present, directly
fed by the disk’s mass
flow. (B) Discrete regime:
When the first moon has
r > rc = rR(Dc + 1), a new
moonlet forms (in red).
The first moon (blue) con-
tinues to grow by accret-
ing these moonlets (red),
which are fed by the disk
and have masses ≤ Mc.
(C)Pyramidalregime:When
the first moon has r – 2rH >
rc, several moons can form
and grow up to M ≥ Mc.
Moons with r – 2rH > rc
grow through merging events between moons of similar masses.

(5)
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Moonlets form at the Roche limit
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Disc evolution due to Poynting-Robertson drag
The Astrophysical Journal, 741:36 (9pp), 2011 November 1 Bochkarev & Rafikov

Figure 3. Evolution of τ∥ for an optically thick disk with the Gaussian initial
density profile (27), assuming x0 = 5, σ = 0.7, and total mass Md = 350M0
(large and narrow ring). Radial profiles of τ∥ are shown at different moments
of time indicated on the panel. Note the appearance of an optically thin tail of
debris extending to x = 1 and the sharpness of the outer disk edge.
(A color version of this figure is available in the online journal.)

This solution implies that in parts of the disk, which are optically
thick to incoming stellar radiation, the surface density steadily
decreases in time at a constant rate set only by the distance
from the WD. This behavior is a direct consequence of the
Ṁ saturation at the level Ṁτ∥≫1 independent of τ∥ in the case
τ∥ ≫ 1; see Equation (7).

At a glance this kind of evolution looks very strange as the
debris does not seem to move anywhere—Σ simply goes down
at all radii. This interesting behavior can be understood only by
accounting for the optically thin regions that should inevitably
be present in the disk and their interplay with the optically thick
part of the disk. We demonstrate this in Section 4.1.

Solution (30) also implies that the characteristic timescale of
the disk evolution is now

tthick ∼ t0τ∥(x)x2 = 2πΣ(r)r2

Ṁτ∥≫1(r)
, (32)

or Tthick = τ∥(x)x2 in dimensionless units. Clearly, tthick is
(up to factors of order unity) just the time on which the
characteristic disk mass ∼Σ(r)r2 gets exhausted by accretion
at the rate Ṁτ∥≫1(r). Unlike tthin, defined by Equation (24), tthick
is independent of particle properties—ρ and a but scales linearly
with the disk mass.

4.1. Numerical Results

We numerically integrated the evolution of several initially
optically thick density distributions. The morphologies we
considered ranged from a narrow ring to an extended disk of
debris. They represent different initial spatial distributions of
the debris that might possibly result from the tidal disruption
of an asteroid. We chose all disks to have the same total
mass Md = 350M0 initially and concentrated on exploring
the differences of their evolutionary routes caused purely by the
morphology.

Figure 4. Radial distribution of the dimensionless mass accretion rate y(x, T ) =
Ṁ(x, T )/Ṁ∞ (Equation (18)) through the debris disk at different moments of
time. Results are shown for the same disk as in Figure 3. Note that y → const
near x = 1, i.e., in the optically thin tail.
(A color version of this figure is available in the online journal.)

4.1.1. Large and Narrow Ring

We start by exploring the initial distribution in the form (27)
with x0 = 5, σ = 0.7, but now we take τ∥,0 = 280 so that
the disk mass Md = 350M0 ≫ M0. The resulting evolution of
τ∥ is shown in Figure 3. Apart from the theoretically expected
steady decrease of τ∥ with time in the bulk of the disk where
τ∥ ≫ 1, one immediately notices two interesting features of
the solutions: (1) a sharp drop of the disk surface density at the
outer edge of the disk and (2) an optically thin (τ∥ ! 1) tail of
debris extending from the optically thick region all the way to
Rin, which remains stable throughout the evolution of the disk.
We now discuss the nature of these features in more detail.

A sharp outer edge appears because the evolution timescale
of a particular disk region tthick ∝ τ∥, see Equation (32). The
initial density distribution in the form (27) has τ∥ increasing
inward in the outer part of the ring. This causes the outermost
extremity of the ring (which is optically thin and evolves on a
timescale tthin) to migrate toward the WD faster than the parts
of the ring closer to the WD do. As a result, the outermost disk
material catches up with the debris at smaller x having higher
τ∥, leading to a debris pileup there and the formation of a sharp
outer edge. This edge appears on a timescale ∼tthin since this is
the characteristic time on which the material from the optically
thin outer disk region reaches x ≈ x0, where most of the ring
mass is concentrated. We provide a more rigorous justification
for the outer edge appearance in the Appendix.

The origin of the quasi-stationary tail with τ∥ ! 1 at small
r can be understood as follows. Even if initially the disk has
τ∥ ≫ 1 everywhere, such a tail would rapidly form since,
according to Equation (30), at any distance from the WD τ∥
should switch into the optically thin regime within a finite
time. This happens fastest at the inner edge of the disk. After
the tail has formed, it evolves on a timescale tthin given by
Equation (24). Inner parts of the tail evolve more rapidly than
the outer ones and a quasi-steady state is attained in the tail with
Ṁ almost independent of r. This point is illustrated in Figure 4,
where we show the run of Ṁ(x)/Ṁ∞ for a calculation displayed
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Figure 1. WDHZ for MWD = 0.6 M⊙ vs. white dwarf age and planet orbital
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Figure 2. CHZ vs. white dwarf mass and planet orbital distance. Green region
is the CHZ for tHZ > tmin = 3 Gyr, H atmosphere. Left solid line is Roche limit
for Earth-density planets. The other lines show how the CHZ outer boundary
changes for tmin = 1 Gyr (dotted line), for tmin = 5 Gyr (dash-dotted line), or
for an He atmosphere with tmin = 3 Gyr (dashed line). Horizontal line indicates
the most common white dwarf mass of 0.6 M⊙, plotted in Figure 1.

within 10% of 0.02 AU for hydrogen and helium atmospheres
(Figure 2). To check the sensitivity to the white dwarf cooling
computations, I have also computed the WDHZ with BASTI
models (Salaris et al. 2010), for which I find a slightly longer
tHZ. I have also computed the CHZ for atmospheres with tmin =
1 Gyr and 5 Gyr which shifts the outer boundary of the CHZ
outward/inward by a factor of ≈1.5/0.7 (Figure 2).

There are several important consequences of the WDHZ and
CHZ. First, the range of white dwarf temperatures in the portion
of the CHZ within the WDHZ is that of cool white dwarfs,
≈3000–9000 K (right-hand axis in Figure 1), similar to the
Sun. At the hotter end higher ultraviolet flux might affect the
retention of an atmosphere, so these planets would need to
form a secondary atmosphere, as occurred on Earth. Excluding
higher temperature white dwarfs only slightly modifies the
CHZ since they spend little time at high temperature. Cool
white dwarfs are photometrically stable (Fontaine & Brassard
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Figure 3. Example light curves of habitable Earth-like planets transiting a
0.6 M⊙ white dwarf (Teff = 5200 K, RWD = 0.013 R⊙, inclination = 89.◦9,
10% linear limb darkening, and a = 0.013 AU) with masses of 0.1 M⊕ (red,
about Mars mass), 1.0 M⊕ (black, Earth twin), and 10.0 M⊕ (blue, super-Earth).
The ratios of the planet radii, Rp, to white dwarf radius, RWD, are indicated.

2008), which is critical for finding planets around them. Second,
for white dwarfs with temperatures !4500 K, the WDHZ is
exterior to the Roche limit (tidal disruption radius), aR =
0.0054 AU(ρp/ρ⊕)−1/3(MWD/0.6 M⊙)1/3, where ρp,⊕ are the
mass densities of the planet and of Earth. Consequently, the
3 Gyr CHZ lies between aR < a < 0.02 AU, indicated with the
green region in Figure 2.

Third, the CHZ occurs at white dwarf luminosities of 10−4.5 to
10−3 L⊙, about 10 magnitudes fainter than the Sun, which sets
the minimum telescope size for detection. Finally, the orbital
period of white dwarfs in the CHZ is ≈4–32 hr. At this period
the timescales for tidal circularization and tidal locking are
≈10–1000 years, so rocky planets will be synchronized and
circularized with zero obliquity (Heller et al. 2011); the side of
the planet near the star will have a permanent day, while the far
side will have a permanent night. The planet will orbit stably
as it cannot raise a tide on the compact white dwarf. Radiation
drag will not cause the orbit to decay, but magnetic field drag
might, depending on the planet’s conductivity (Li et al. 1998).

3. DETECTION OF PLANETS IN THE WHITE DWARF
HABITABLE ZONE

I plot example light curves of planets in the WDHZ in
Figure 3 for sizes within a factor of ≈2 of Earth orbiting a white
dwarf near the peak of the white dwarf luminosity function.
The transits last ≈2 minutes and have a maximum depth of
10%–100%; these events can be detected at a 100 pc distance
with a 1 m ground-based telescope. To detect planets in the CHZ
one must monitor a sample of white dwarfs for the duration of the
orbital period at 0.02 AU, and planets present in edge-on orbits
will be seen to transit their host stars. The transit probability is

ptrans = 1.0%
(

Rp/R⊕ + RWD/0.013 R⊙

a/0.01 AU

)
, (1)

so for every 100 Earths orbiting white dwarfs at 0.01 AU with
random orientations, on average one will be seen to transit.

I define η⊕ to be the number of planets with 0.1 M⊕ < Mp <
10 M⊕ in the 3 Gyr CHZ (a < 0.02 AU). To measure η⊕ to an
accuracy of ≈33% requires detecting ≈9 planets, so one must
survey ≈103 η−1

⊕ white dwarfs.
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Agol (2011)
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Massive (  1026 g) debris discs around WDs spread viscously.  &

Such discs produce new planets just beyond the Roche limit.


